In this work, we analyze a Lagrangian formalism recently proposed to approach the issue of the Abraham-Lorentz force. Instead of involving only position and velocity, as usual in Classical Mechanics, this Lagrangian involves the acceleration of the charge. We find the conserved momentum of the charge in the absence of any field and show that it contains an acceleration term. This enables us to re-visit the well-known pre-acceleration problem and show that, contrary to what has been widely believed, it is not related to any violation of causality.
I. INTRODUCTION
It is well-known that the emission of radiation by an accelerated charge requires a dissipative force to act in the charged particle to ensure the conservation of energy. Such a force has its origin in the field produced by the charge, justifying its denomination of a radiation reaction force since, ultimately, it is a back reaction interaction. For a point charge this dissipative force is given by the Abraham-Lorentz term [1] - [3] which is proportional to the third derivative of the position of the charge. For a long time this term has provoked a lot of debate in the literature. The differential equation of motion including Abraham-Lorentz term possess non-physical solutions, such as the runaway solutions for which the acceleration diverges exponentially [4] . We can eliminate these spurious solutions, however this leads to the charge accelerating before it has suffered any external force, the so-called pre-acceleration [5] - [6] which was met with considerable distrust from scientific community due to its violation of causality. Solutions to these problems were looked for in many ways. Some researchers have argued that treating the electron as a point charge is the origin of all the trouble, and that for extended charged bodies we can have solutions without neither runaway solutions nor causality problems [7] - [8] .
For years, a consistent Lagrangian formulation of this problem was tried by researchers, but without success. The power of such a formulation rests, among other things, in the possibility of readily recognizing who are the conjugated momenta and correctly identifying them might shed light on the above mentioned problems. As pointed out by Rohrlich [9] it is difficult to conciliate the radiation reaction force with the principle of inertia. He stated that the Abraham-Lorentz equation was incorrect and looked for another equation of motion free of any inconsistency. O'Connell criticizes [10] Rohlich paper, stating that Abraham-Lorentz equation is the correct one for a point charge and that Rohrlich equation of motion was exactly the force obtained for a extended charged body some years before.
Since the Abraham-Lorentz force involves third derivative, we must work with a Lagrangian involving the acceleration of the charge. A recent method available in literature [11] is particularly suitable to obtain the Lagrangian describing a dissipative problem. Recently, it has been used [12] to provide for the first time a consistent Lagrangian formulation to the Abraham-Lorentz force.
In this paper, we analyze in detail this Lagrangian, showing that it removes any causality problem from the Abraham-Lorentz force. To do so, we evaluate in this framework the generalized momenta for a charge suffering back-reaction, and we show that this entail a modified momentum conservation equation.
In order that this report be as self-contained as possible, we dedicate Section II to obtain the AbrahamLorentz Lagrangian along the lines developed in Ref. [12] . In Section III we evaluate the generalized momenta, which enables us in the last Section to re-visit causality issues.
II. LAGRANGIAN FOR THE ABRAHAM-LORENTZ FORCE
Let us consider a non-relativistic point charge in the presence of an electromagnetic field. The AbrahamLorentz force is given by [2] 
For limited motions it is easy to verify that the power dissipated by this force compensate for the energy radiated by the charged particle, given by Larmor formula. The complete equation of motion for the charge is then given by
Our aim is to obtain the above equation from a consistent Lagrangian formulation. It is clear from (1) that our Lagrangian must involve the acceleration of the charge.
To this end we employ Galley's recent method [11] , which consists in doubling the variables of the problem, r(t) → {r 1 , r 2 }, imposing δS = 0 to obtain the equations of motion for r 1,2 and finally imposing the physical limit r 1 = r 2 ≡ r. The action S, now a functional of both r 1 (t) and r 2 (t), is given by
with a = 1, 2 and
where K is function of both coordinates and cannot be separated. It is particularly relevant for dissipative problems, such as the one we are dealing with. For more details we refer to the original paper [11] . It is useful to work with the variables r + = (r 1 + r 2 )/2 and r − = r 1 − r 2 , whose physical limit are r and 0, respectively. Imposing δS = 0 we obtain the equation of motion from the action given in Eq. (3),
where P.L. denotes the physical limit. The equation for r + vanishes in this limit. Employing (4) it is easy to show that
with analogous expressions applying to the terms . Let us now apply this formalism in order to obtain a lagragian formulation that yields the correct radiation reaction term in the equation of motion. In the absence of radiation reaction we have a conservative problem and we have K = 0. The Lagrangian describing this situation is well-known in the literature and given by
where φ, A are the electromagnetic potentials describing the external fields. To fully determine Λ in Eq. (4) we must determine K. After substituting (7) into Eq.(4) and the result into Eq. (5), and imposing that the equation of motion must be given by Eq. (2) we see that K must satisfy
One possibility is to choose
This completes the construction of the Lagrangian, in accordance with Ref. [12] , and a substitution of Eqs. (7), (9) into Eq. (5) . One can readily demonstrate that K and K ′ differes only by a total time derivative.
III. THE CONJUGATE MOMENTUM
As it is well-known for Lagrangians containing higher derivatives [13] , there are two distinct momenta associated to the particle. They are given by
where the above definitions ensure that in the physical limit only P
+ and P
+ survive. Substituting Eqs. (4), (7) and (9) into Eqs. (10)- (11) and taking the physical limit we obtain
where P (1) and P (2) denote the physical limit of P
(1) + and P
+ respectively. As usual, the conjugate momentum of a charge in the presence of the external field is the sum of a mechanical term and a term containing field variables. The mechanical term, however, is given by
and is now dependent also on the acceleration of the charge, which is not surprising since the Lagrangian now contains the acceleration.
In terms of these momenta we may find the hamiltonian through the usual Legendre transformation
From the hamiltonian (14), one may readily show [12] that
Observe that in opposition to standard Analytical Mechanics, we can have dissipation of energy even for Lagrangians not explicitly time dependent. That is the physical role of doubling the variables. Substituting Eq. (9) in the above expression we obtain
which is exactly the power dissipated by the particle, as can be seen by Eq. (1). It can be written in a more familiar way by rewriting the above expression as
The first term in the mean does not contribute (considering limited motion) and therefore the power dissipated is minus the Larmor power, as expected by energy conservation. We turn now to the physical interpretation entailed by the Lagrangian formalism depicted in this paper.
IV. CAUSALITY ISSUES FOR THE ABRAHAM-LORENTZ FORCE
Translational symmetry of a system entails momentum conservation, as it is known since Noether's theorem [14] . For Lagrangians involving only positions and velocities of the particles the conserved momentum is given by
where α indexes the particles. Naturally, when the Lagrangian involves higher-order derivatives the expression for the conserved momentum must change. Let us now find its expression. Suppose that we have a Lagrangian Λ(r + , r − ,ṙ + ,ṙ − ,r + ,r − ). Translational symmetry means that the the Lagrangian do not change if we perform the changes r + → r + + δr and r − → r − + δr. In such a way we must have
Employing the equations of motion we recast the last equation in the form
In terms of the definition (10) we see that the momentum P
(1)
− must be conserved. In the physical limit only P (1) + survives and is given in Eq. (12) . In the absence of external fields the problem of a point charge has translational symmetry and thus we see that its mechanical momentum p (1) given in Eq.(13) must be conserved. Note that the equation of motion (5) can be recast in the form dp (1) 
Naturally, we could have written Eq. (21) directly from (2) . However, what the Lagrangian formalism allows us to realize is that the LHS of Eq.(21) is indeed the variation rate of the momentum of the particle. The law of inertia may be conceived as the conservation of moment for an isolated particle. Our results show that, in the absence of external fields, what is conserved is not the velocity, but the moment p (1) . In spite of the initial discomfort such a claim may provoke, we would like to remember that all Newtonian Mechanics is based on Lagrangians that depend only on coordinates and velocities. This is related to the fact that in Newtonian Mechanics all interactions are supposed to be instantaneous. In those cases, the trajectory of the particles are determined only by their initial positions and velocities, which evidently is not the case when we have radiation reaction. Therefore, it is not surprising that some basic tenets of Newtonian Mechanics must be thought anew when we allow for interactions propagating with finite velocity. The Lagrangian formalism developed in this work shows that, if we are to think of force as the variation rate of momentum (now given by Eq. (13)), we must modify the law of inertia. In Ref. [9] , Rohrlich argued that the law of inertia in its usual form and the Abraham-Lorentz force can not be conciliated. In his paper he tried to change the Abraham-Lorentz force, while here we show that all the confusion arose from an erroneous law of conservation. Phenomena involving pre-acceleration, where the charge begins to accelerate before the action of an external field, are to be expected when the radiation reaction is accounted for, as showed by Dirac [5] . However, the Lagrangian formalism presented here enables us to see that there is no break of causality involved here. Indeed, nothing prevents a charge from being accelerated in the absence of fields. We wish to emphasize that this does not violate the symmetry of space. Contrary, in the Lagrangian formalism the conservation of momentum is a consequence of this symmetry. Everything depends upon the initial conditions.
To conclude, and we shall be reporting on that elsewhere, we highlight the potentiality of the method presented in [11] to yield an expression for the planar ((1+2) dimensions) of the Larmor expression for the power irradiated by an accelerated charge. The problem is highly non-trivial, in view of the support of the retarded Green's function for the planar electromagnetic field, but the method of Ref. [11] may show to be extremely helpful.
